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Abstract In this work, firstly in the Hilbert space of vector-functions all selfadjoint
extensions of the minimal operator generated by linear singular symmetric differ-
ential expression with a selfadjoint operator coefficient A in any Hilbert space H,
are described in terms of boundary values. Later structure of the spectrum of these
extensions is investigated.
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1 Introduction

Many problems arising in the modelling of processes of multi-particle quantum
mechanics,quantum field theory,in the physics of rigid bodies and ets support to study
selfadjoint extension of symmetric differential operators in direct sum of Hilbert spaces
[1-3].

The general theory of selfadjoint extensions of symmetric operators in any Hilbert
space and their spectral theory tall and well-built have been investigated by many
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mathematicians [4—7]. Applications of this theory to two point differential operators
in Hilbert space of functions are continied today even.

It is known that for the existence of selfadjoint extension of the any linear closed
densely defined symmetric operator B in a Hilbert space H, the necessary and suf-
ficient condition is a equality of deficiency indices m(B) = n(B), where m(B) =
dimker(B* +i),n(B) = dim ker (B* —i).

The table is changed in the multipoint case in the following sense. Let By and B>
be minimal operators generated by the linear differential expression i j—t in the Hilbert
space of functions Lz(—oo, a) and, Lz(b, 400), a < b, respectively. In this case it
is known that

(m (B1),n(B1)) = (0, 1),
(m (B),n(By) = (1,0).

Consequently, B; and B, are maximal symmetric operators, but are not a selfadjoint.

However, direct sum B = B; & B, of operators in a direct sum H = L%(—00,a)®
L?(b, +00) spaces have an equal defect numbers (1,1). Then by the general theory it
has a selfadjoint extension. On the other hand it can be easily shown in the form that

ur(b) = ¢Yui(a), ¢ €[0,27), u= (ui,uz),uy €D (B}),u e D(B}).

Note that a space of boundary values has an important role in the theory of selfadjoint
extensions of the linear symmetric differential operators [6,7].

Let B : D(B) C 'H — H be a closed densely defined symmetric operator in the
Hilbert space H, having equal finite or infinite deficiency indices. A triplet (9, y1, ¥2),
where § is a Hilbert space, y; and y» are linear mappings of D (B*) into £, is called
a space of boundary values for the operator B if for any f, g € D (B*)

(B*f.8) 5 — (£ B"8)y = () 12(8)) 5 — (12 (), 71 (8D g

while for any Fy, F, € $), there exists an element f € D (B*), such that y; (f) = F}
and y2(f) = F.

Note that any symmetric operator with equal deficiency indices have at least one
space of boundary values [6].

In this work in second section all selfadjoint extensions of the minimal operator
generated by multipoint symmetric differential operator of first order in the direct sum
of Hilbert spaces L% (H, (—o0, a) ® L? (H, (b, 400), a < b in terms of boundary
values are described.

In third section the spectrum of such extensions is researched.

2 Description of selfadjoint extensions
Let H be a separable Hilbert space and a,b € R, a < b. In the Hilbert space

L2(H, (—00, a))®L2(H, (b, +00)) of vector-functions considers the following linear
multipoint differential expression in form

@ Springer



1102 J Math Chem (2012) 50:1100-1110

L) = (1 (1), I (u2)) = (iu] + Auy,iug + Auz), u = (u1, uz),

where A : D (A) C H — H is linear selfadjoint operator in H . In the linear manifold
D (A) C H introduce the inner product in form

(f. 8)+ = (Af, A))n + (f. &)u. f.& € D(A).

Then D(A) is a Hilbert space under the positive norm ||-|| ;. respect to Hilbert space
H.1tis denoted by H. Denote the H_ a Hilbert space with negative norm. It is clear
that a operator A is continuous from H. to H and it’s adjoint operator A : H — H_
is a extension of the operator A. On the other hand, the operator A : D (A) = H C
H_; — H_j is a linear selfadjoint.

From this define by

I = (1), L), @1

where u = (uy, uz) and | (u;) = iuf + Auy,lr (ur) = iu) + Au.

The minimal Lo(L20) and maximal L{(L,) operators generated by differen-
tial expression I1(l2) in L? (H, (=00, a)) (L% (H, (b, +00))) have been investigated
in [8].

The operators defined by Lo = Lig ® Loo and L = L; & L3 in the space
L2=12 (H, (—00,a)) ® L? (H, (b, +00)) are called minimal and maximal (multi-
point) operators generated by the differential expression (2.1), respectively. Note that
the operator L is a symmetric and L(’§ = L in L2. On the other hand, it is clear that,

m (L) =0, n(Lig) =dimH,
m (Lz()) = dlmH, n (Lz()) = O

Consequently, m (Lo) = n (Lo) > 0. So the minimal operator L has a selfadjoint
extension [4]. For example, the differential expression / (#) with a boundary condition
u (a) = u (b) generates a selfadjoint operator in L2,

Here it is described all selfadjoint extensions of the minimal operator L in L? in
terms of the boundary values.

In first note that the following proposition which validity of this cleam can be easily
proved.

Theorem 2.1 The triplet (H, y1, y2),

1
vi:D(L) = H, y1 () = E (u1 (@) +uz (b)),

1
—= (u1 (@) —uz (b)), u = (ur,uz) € D (L)

v2: D (L§) — H, )/2(14)=\/§

is a space of boundary values of the minimal operator Lo in L.
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Proof For the arbitrary u = (11, u2) and v = (v, v2) from D (L) validity the fol-
lowing equality

(Lu,v)2 = (u, Lv)2 = (y1 ) , y2(0)) g — (r2(w), y1 (V)

can be easily verified. Now give any elements f, g € H. Find the function u =
(u1,uz) € D (L) such that

1 1
yi(u) = s (ur (@) +uz(b)) = fandy(u) = 7 (ui(a) —uz(b)) = g

that is,
(@) = (if + g)/vV2 and un(b) = (if — g)/v/2.

If choose these functions u1 (), u> (¢) in following form

uy(t) = } S s (if +)/V2, t <a,

un(t) = &P 1dsif — g)/V2. 1 > b,
t

then it is clear that (41, up) € D(L) and y1(u) = f, y2(u) = g. O
Furthermore, using the method in [6] can be established the following result.

Theorem 2.2 If L is a selfadjoint extension of the minimal operator Ly in L2, then it
generates by the differential expression (2.1) and the boundary condition

uz (b) = Wuy (a),

where W : H — H is a unitary operator. Moreover,the unitary operator W in H is
determined uniquely by the extension L, i.e., L = L (W) and vice versa.

3 The Spectrum of the selfadjoint extensions
In this section the structure of the spectrum of the selfadjoint extension Ly in L? will
be investigated.

First of all,we have to prove the following result.

Theorem 3.1 The point spectrum of selfadjoint extension Ly is empty, i.e.,

O‘p (Lw) = 0.
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Proof Consider the following eigenvalue problem

Iw) =iu'(t) + Au(t) = u(r), ue L?>, LeR
uz(b) = Wuy(a).

From this it is obtained that
W' =i (A —x) u, ur(b) = Wui(a), u € L2, »eR.
The general solution of the last equation is

ui(t) = ei(A_k)([_a)f, t<a

ua(t) = ei(A fx)qu)g’ P
ury(b) = Wuy(a), f,g € H.

It is clear that for the f # 0, g # O the functions u; ¢ L2 (H, (—00,a)),uy ¢
L? (H, (b, 00)). So for every unitary operator W we have o), (Lw) = . O

Since residual spectrum of any selfadjoint operator in any Hilbert space is empty,
then furthermore the continuous spectrum of selfadjoint extensions L of the minimal
operator L is investigated.

Now it will be researched the resolvent of Ly generated by the differential expres-
sion [ () and the boundary condition

uz(b) = Wuy(a)

in the Hilbert space L2, ie.,

[i(u)=iu’(t)+Au(t):Au(t)+f(t), uel? xeC, Ai:Imk>0(3 0

uz (b) = Wuy (a)
Now we will be shown that the following function

w(A ) = (ur (A1), uz (A 1)),
where

i(A—A) (t—a) i(x—A)(z—s)

ur (M) =e ff—i—i;e_ fs)ds, t <a,
t

A—A)(z—s)

uy (hs 1) = iofoe_i( f(s)ds, t > b,
t

fr=w* (—i Zoe’(“i)(’”) f(s)ds)
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is a solution of the boundary value problems (3.1) in the Hilbert space L2. For this, it
is sufficient to show that

ui (A1) € L* (H, (—00,a)),
up (A; 1) € L* (H, (b, +00))

for the case A; > 0. Indeed, in this case

2 00 2
WA = H—z e =00 ras| < ({e*"“’”llf(s) ||Hds)
H
< (7 2 =9as) (T 17 (5) 12,ds =i||f||2 <0
=\ b H 24 L2(H,(b,+00)) ’
—i(r—A)(t—a) i(i—
je (Ao 5 122 ooay = 1€ BT b1 ooy

a .
S olle™ =9 g
—0o0
< onii—a) 2
= [ e dat|l /iy
—0o0

= — A5 < oo

2
and
a s i\ 2 2
i e 0=A)a9 £ g <7 (?e“”)nf(s) ||Hds) dt
t LZ(H,(foo,a)) —00 \17
a a a 2
</ (fe“’—”ds) (fe“’—”uf(s) I ds) dt
—0o0 t t
1 a a 1 a K
=— [ SN f (o) IPdsdt = — | (f e f () ||2dr)
)»l —oo t )"l —0 o]
Loa (s s 2 2
= S (L) if ol ds=—2 T IS () 1Pds
i —oo \—o00 )‘i —0
1
2||f||L2(H( 00,a)) < oQ.
Furthermore,
L =AY (—s) FAT rit—s) :
ife ) f (s)ds < S 7N f () Iuds) ar
t L2(H,(b,+00)) b \1
o0 fOO o0
</ (f e“’—”ds) (f e“<’—~‘>||f(s>||2ds)dr
b t
1 o©
=—/ feA =) f () Ids ) dt
)w b
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M| f (5) ||2dt) ds

S—e ==

e*f"—”dt) I (s) I1°ds

(1= s ) ||2ds)

1
B

~— >=g =8

2
f )\’2 ||‘f”L2(H,(b,+OO)) <
1

From above calculations imply that u; (A;1) € L?(H,(—00,a)), us (A1) €
L% (H, (b, +00)) for » € C, A; = Imx > 0. On the other hand it can be to easy to
verify that u (; t) is a solution of the boundary value problem (3.1).

In the case when A € C, A; = ImA < 0 solution of the boundary value problem

Lwu=iu'4+Au=2u+f, u=(ui,u2), feL?
uz (b) = Wuy (a),

where W is a unitary operator in H, is in the form u (A; t) = (uy (A; 1) ,u2 (A5 1)),

t . .
ui( 1) =—i [ e A royds,  t<a
—00

. ~ t . ~
(ks 1) = e 0= DEDIgr i iGN £(5)ds,  t> b,
b

g = W(—if® e i *=R@=) £(5)qg).

In first prove that u (A; f) € L. In this case

. 2
a t Y _
e i) P2y oy = H—i R o a
—00 —00 H
a t
< f (f A= %) ( [T (s) ||Hds)
—0o0 o0
1 a t o
=0 IS O F () I15ds dt
1| —00 —00
1 a a o
=0 S (few DN f () ||%,dr) ds
1 —0o0 N
1 a a ..
=0 / (fe“’ ”dr) I £ (s) [I3,ds
1 —0o0 S
1 a (g
= o L (1= )17 6 lds
e
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1 2
= W”f”LZ(H,(foo,a)) <X
l

L 2
71().7A)(afs) £ (s)ds

H

*112 R
||8x||11 = H_l S e
—00
9 i@-s) :
<| /" Ilf ()l ads
—0o0

(_? e“f‘““ds) (_? 1 ) ||%,ds)

2
—_— <
2] W2 b, (o0,

IA

||e—i(A—A)(t—b) ”
L2(H, (b +00))

o0
{e”l“*bmtugﬁuH =

IA

2 ||ng Iy

—— I fl%, <0
4|)Li|2 L“(H,(b,+00))

and
. 2 o 2
H_z}e (-2)E9) £ () as <7 (}e““—S)nf(s) ||Hds) d
L2(H (b, +00)) b \b
<7 (} ek‘(t‘s)ds)
b \b
x ((} M f () ||%,ds)) dr
b
%L e
=1 (1 ¢ ))
x (} D £ (s) ||%,ds) d1
b
<17 (f HD | £ (s) ||%,ds) di
|)\z| b
- L7 (f A F (s) ||%,dr) ds
|)\z| b
_ L7 (f il %) 1F (5) 13,ds
[Ail B

—_ S

I?» |2 ||f||L2(H (b+00)) <

The above simple calculations are shown thatu (4; -) € L? (H, (—00,a)),uz (A;+) €
L?(H, (b, +00)), i.e.,u (A;-) € L?in the case when A € C, A; = ImA < 0.
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_ On the other hand it can be verified that the function u (1; -) satisfy the equation
lu(y=iu' M) +Au; ) =ru(r; )+ fand uy (b) = Wuy (a).
Hence the following result has been proved.

Theorem 3.2 For the resolvent set p (L) is valid
p(Lw)D{AeC:Imr#0}.

Now will be researched continuous spectrum o, (L) of the extension Ly .
For the A € C, A; = ImA > 0 the norm of resolvent operator R, (L) of the Ly
is in form

. ~ a . -
IRLw) f (Ol = e O DD Fr 40 [ eV A1,

o] . i .
i f eV B ($)dSI2 g1. (5oo)
fel? f=(f.f).

Then it is clear that for any f = (fi, f») € L? is true
2 L i—A)(1—s) 2
”R)\ (LW)f(t) ||L2 > ”l {6 ’ f2 (S)ds||L2(H,(b,+oo))'

The vector functions f* (A;¢) in form f*(x; 1) = (0, e_"(j‘_‘&)’f), re Ca =
Imi > 0, f € H belong to L?. Indeed,

—24;b

—iG—A)t £ 2 —20 1
177 sy e = [ &M O fllgdt = [Fedi) fllu® = F-e7 < oo,
l

For the such functions f* (1; -) we have

o o
I RLw) F s D231 goeyy = NS €707 P 0T OB s gy, oy,

oo .
_ —iAt ,—2h;s i At 2
= | {e e “"ile fds"Lz(H,(b,+oo))

~ 00
_ —iMt i At —2A;s 2
=l e L e fdSs a4 5,400

oo
_ —iAt —2A;s 2 2
- ”@ {le ! dS”Lz(H,(h,-i-oo))”f”H

1 —2A;b 2
e 1
o3¢ I

1

1 oo
=— [e Hdt| fF =
2 H
405 b

From this
—Aib

e
Ry (Lw) f*(h; > —
IR (Lw) [~ ( )||L2>2\/§M\/K_i

1
Iflle = Z_M"f* ;) M2
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i.e., for A; = Imi > 0 and f # 0 are valid

[Ro (Lw) £ G ] 1
[rroel =2

On the other hand it is clear that

|Rx (Lw) f* O )2
7% s )2

| Ry (Lw)l = . f #0.

Consequently, we have
1
IRy (Lw) || = Kfor)» eC, A =Imir > 0.
i

Actually, this has been proved the following claim.

Theorem 3.3 Continuous spectrum of the extension Ly in form
oc (Lw) =R.
Example By the last theorem the spectrum of following boundary value problem

Qu(t,x)  u(r,x)
T T axl
u(l,x)=e%u(=1,x), ¢e€l0, 2n),
ul (6,0)=ul (1,1) =0, [t] > 1,

=fx), ltI>1, xel0,1],

in the space L2 ((—00, —1) x (0, 1)) ® L% ((1, 00) x (0, 1)) is continuous and coin-
cides with R.

Later on, note that another approach has been given in [9] for the singular differ-
ential operators for nth order in scalar case.
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